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Chapter b: Life annuities



Life annuities

Here we're going to consider the valuation of life annuities.

o A life annuity is regularly (e.g., continuously, annually,
monthly, etc.) spaced series of payments, which are usually
based on the survival of the policyholder.

o These annuities are important for retirement plans, pensions,
structured settlements, life insurance, and in many other
contexts.

Many of the ideas and notation used in the valuation of life
annuities borrow from annuities-certain.

o As with life insurance, the life-contingent nature of the
payments means that the present value of benefits is a
random variable rather than a fixed number.



Review of annuities-certain

Recall the actuarial symbols for the present value of n-year
annuities-certain:

1 — v”
Annuity-immediate: a7 = vk =
y ==l
k=1
n—1
1 — v”
. e o k
Annuity-due: am = Z vi=—
k=0
n 1 — "
Continuous annuity: ax :/ e 't dt = ;
0
1 1 — "

m®™ly annuity-immediate: a( m) _ E = ykim — )
m ]
k=1



Review of annuities-certain — continued

Increasing annuity-immediate:

ém — nv”

(la)m = kv = I_
k=1

Decreasing annuity-immediate:

n

(Da)m=) (n+1—k)vk=

k=1

n — an

]

For the corresponding accumulated values, we replace a by s in
each case. For example:

am(l—l— I)n — Sq



Whole life annuity-due

Consider an annuity that pays (x) an amount of $1 on an annual
basis for as long as (x) is alive, with the first payment occuring
immediately.

o This type of life annuity is known as a whole life
annuity-due.

We'll denote the random variable representing the PV of this
annuity benefit by Y:

K

Y=1+v+vi+ -+ v =dp (1)

The pmf of Y is given by:

P(Y =d7) = algx fork=1,23,...



Whole life annuity-due EPV

The EPV of this annuity is denoted by a, and we can use our
general strategy to find this EPV:

00

. K

dx = E V' kPx
k=0

We could also take the expectation of the expression given in (1):

Important Relationship
1 — Ay
d

ax = E[Y] = so that 1 =da,+ Ax

This relationship actually holds between the underlying random
variables, not just the expected values.



Whole life annuity-due EPV, variance, and recursion

Finally, we could calculate the EPV usmg the standard formula for
the expectation of a discrete RV: a =N
9

o

Z k‘qx

k=0

We can find the variance of Y in a similar manner:

24 2

(Note that we cannot find the second moment of Y by computing
the first moment at double the force of interest.)

Further, we have the recursion ay =1+ v py ax+1



Term annuity-due

Now consider an annuity that pays (x) an amount of $1 on an
annual basis for up to n years, so long as (x) is alive, with the first
payment occuring immediately.

o This type of life annuity is known as a term annuity-due.

For this type of annuity, PV of the benefit is:

min(Kx+1, n) an if K, >n
EPV for Term Annuity-Due
n—1
. 1— Ax:n
dx:nl — dJ u — ; tPx = Za k|CIx—|-an a_l
2AX'n o AX'n °

d?



Example

Suppose that a person currently age 65 wants to purchase a 3-year
term annuity due with annual payments of $50, 000 each. You are
given that

pes = 0.95 pees = 0.91 pe7 = 0.87 i =7%

Letting Y denote the PV of the annuity benefit, calculate:
@ E[Y][132,146.91]

® sd(Y) [22,440.09]

@ Pr(Y > 70000) [0.95]

Now suppose that a life insurance company sells this type of
annuity to 100 such (independent) people, all age 65. Letting S
denote the total PV of the annuity benefits, calculate:

® E[S] [13,214,691]
® sd(S) [224,400.89)
@ Pr(S % 13,000,000) [0.1685]
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E[Y] [132,146.91]

2
CHoOO + STDOOV P o T Cboo0 VvV z?sc

Y | @(v)

C5dc0 %b&"
spo0 (Lev) |\ e
sooow (vtd] 2 Coe

10



sd(Y) [22,440.09]

N | G-(v)
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11



Pr(Y > 70000) [0.95]
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E[S] [13,214,691]
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sd(S) [224,400.89]
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<
Pr(S & 13,000, 000) [0.1685]
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Whole life annuity-immediate

Now we'll turn to consider life annuities-immediate, starting with a
whole life annuity-immediate.

o This type of annuity pays (x) an amount of $1 on an annual
basis for as long as (x) is alive, with the first payment
occuring at age x + 1.

We'll denote the random variable representing the PV of this
annuity benefit by Y*:

Y*:V+V2—|-“'—|-VKX:aK—X|
with pmf

P(Y"=ap) =«lg« fork=0,1,2,3,...
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Whole life annuity-immediate (continued)

We have the relationship Y* = Y — 1, where Y is the PV of the

whole life annuity-due and Y™ is the corresponding PV of the
corresponding whole life annuity-immediate.

o The only difference between these two annuities is the
payment at time 0.

o From this relationship, we can obtain expressions for the EPV
and variance of Y*

ay = dy — 1 V[Y*] = V[Y]_ _d( Ax)’

We also have the recursion relation: ay = v px + v px ax+1
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Term annuity-immediate

Now consider an annuity that pays (x) an amount of $1 on an
annual basis for up to n years, so long as (x) is alive, with the first
payment occuring at age x + 1.

o This type of life annuity is known as a term
annuity-immediate.

For this type of annuity, PV of the benefit is:

x o aK—X| If KXSH
Y™ = amin(Kx,n)| - { an if KX > n

In this case, the EPV is denoted by ay.f
EPV for Term Annuity-Due

n

dx:nl = Z Vt tPx = é7.X:ﬁ|‘|‘nEX — 1

t=1
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Assume that y90Ex = 0.35,509x = 0.3, and A)lcﬁ| = 0.2.

Find:

@ A, [0.55]

Ax:;a B A;a 20 — K

2 13.21 _ o
A - - o~ 20 0.3
K - -~ 9.5
O\x-z_v\ d \ — o
V= 0.9LS9
® 5.z 256 M
= v = 0.034

Qg5 = Oxign * ,»_E,g -1
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Whole life continuous annuity

Next we'll consider continuous life annuities, starting with a whole
life continuous annuity.

o This type of annuity pays (x) continuously at a rate of $1 per
year for as long as (x) is alive, starting now.

Letting Y denote the random variable representing the PV of this
annuity benefit, we have: Y = a7

EPV for Whole Life Continuous Annuity

— > —Ot ]- T AX > —
ax = e " tpx dt = ra g tPx Mx+t dt
0 0
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SOA #25

A whole life annuity product pays

@ 12,000 at the beginning of each year the policyholder is alive
and

o a death benefit of B pays-at the end of the year of death.
o d=0.08

Find the value of the death benefit, B, which minimizes the
variance of the PV of the product. [150,000]

. _ ext |
OV= \2000 6 + By = \woo(‘ : \*anﬂ
\(ovr (PV) = \(Cp/ (( B,\Zm\\,\ﬁﬁ*‘l + E’_Gﬂ?_
d d
_ \ 200N\
= (B~ =) Nov (")

- OO
= e | oo
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Term continuous annuity

We can also have a continuous annuity that pays for a maximum
of n years, so long as (x) is alive.

o This type of life annuity is known as an n-year term
continuous annuity.

For this type of annuity, PV of the benefit is:

= . ET—X| If TX S n
Y_amin(TX,n)|_ { '

EPV for n-year Term Continuous Annuity

n : 1 — /Z\X'ﬁl n
dx: = / e % tPx dt = 5 — = / 37 t Px hx+t dt + am nPx
0 0 -

2N (A )2
Var(y) = 2~ {Aen)
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Example

n "\ &
Sw -t ")U‘tcljc '—L Ver (¥) = QA%‘(AJ()

Q)('-“- i Cc. e - 5-(—}} SL
Suppose that the survival model for (X Is described by the
exponential model with uy, = Vx j“” "k” -t§ adt = an
Ax§

Let Y be the PV of a continuous whole life annuity payable at a
rate of 1 per year to (x). Assume that o = O 08 and p = 0.04.

* A-l-zS
@ Find the expected value and variance of Y. [8.333, 13.889]

@ Find the probability that Y < 5. [0.2254]

@ Consider a, as a function of i and as a function of 0. How
does 3, change as each of these parameters increases (holding
the other one constant)?

Y =5 W~ ap =6 Pe (Ti‘b'gsg\ = measshx
(- ™ - < T = 38y = - e,uq(b%sﬂ
)

= O.228Y
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Find the expected value and variance of Y. [8.333, 13.889]
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Find the probability that Y < 5. [0.2254]
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Consider a3, as a function of 1 and as a function of 0. How does a,
change as each of these parameters increases (holding the other
one constant)?
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m®ly life annuities

We can also analyze life annuities that pay on an m*ly basis.

First consider an annuity that pays an amount of 1 per year, paid
in installments of amount % at the beginning of each m®" of a
year, so long as (x) lives.

1 — vKim)JF%
d(m)

The PV of this annuity is ¥ = 3™ —
K™+ 1]

The EPV of Y is given by

(m) 0O
L ..(m) L 1 - AX L i %
E[Y] — dx — d(m) — E m v %Px

We can also consider the “immediate” version: aim) = a&m) — —

m
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m®ly term annuities

Now consider an annuity that pays an amount of 1 per year, paid
in installments of amount % at the beginning of each m®" of a
year, so long as (x) lives, but for a maximum of n years.

The PV of this annuity is
- (m)
o (s
Y — —
min(K)Em)—l—%, n)‘ d(m)

The EPV of Y is given by

mn—1

E[Y]:ai:ﬁ)lz d(m)'_| — Z ;Vm %Px
k=0

We can also consider the “immediate” version:

(m) _ sm , 1 1
Nl N T nEx m m
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Deferred annuities

As we did with life insurance, we can consider the notion of
deferring annuity benefits.

o In this case, the first annuity payment would occur at some
point in the future (rather than at the beginning or end of the
first year).

We denote this deferment in the “usual” manner, so that, for
example, the EPV of a whole life annuity due for (x), deferred u
years, would be denoted by

o

. k
u’ax — V' kPx
k=u

The same idea also applies to the continuous, immediate, and
m®ly life annuity forms.
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Deferred annuities (continued)

As we did with life insurance, we can use the idea of deferment to
construct or deconstruct various types of annuities.

This leads to various relationships among the annuities and their
EPVs:

u|ax — dx — dx:1] u|ax = yEx dx+u
n—1
ax-m = dx — nkx 5X-I—n A7 = E : U’ax:ﬂ
u=0

Again, there are analogous relationships for the other annuity
payment forms.
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You are given that:
a30.19) = (-79064 dz0.gg) = (-78144 asg = 15.1511

10P30 — 0.99611 10P40 — 0.99233 1 = 0.06

Find:
{
@ 10E30 [0.5562] \V 7 \0920

@ 305 [121187] (v, o E3 0 G

@ 4y [16.7884] Ga.7D) < 20Ez0 OO



Guaranteed annuities

We can also consider annuities in which some of the payments are
certain, rather than being contingent on the policyholder being
alive at the time of payment.

o That is, some of the payments may be guaranteed rather
than life contingent.

o This creates a sort of annuity that's a hybrid between the ones
we've studied in this chapter and annuities-certain.

o Any payments made after the annuitant dies would go to a
beneficiary.

o This reduces the risk of a very poor return, but there's a cost
associated with it...

For example, consider a whole life annuity due that will pay for a
minimum of n years, even if death occurs within the first n years.

o This is sometimes called a “life and n-year certain” annuity.
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Guaranteed annuities (continued)

The PV of this annuity benefit would be

Y =4 . .
am IfKXZH

The EPV of an whole life annuity due that guarantees the first n
payments is denoted by d —

We can relate this EPV to other annuity EPVs:

a7 = am T nEx axin
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Example

. .

. :G‘Ls’:’_ﬂ—“\"we‘f*“ — - e

CALs-l (© Tiou® Aosip) T T wetex PRy
A person age 65 has accumulated a sum of $100,000 in her
retirement account. She wishes to use this money to purchase an

level payment annuity, with the first payment occurring today.

Assume that mortality is given by the SULT and i = 5%.

@ What payment amount could she afford if she purchases a
whole life annuity due? [7,380.18]

\Oﬁ: OLO = Xo‘bi'

@ What payment amount could she afford if she purchases a
whole life annuity due with the first 10 years guaranteed?

[7238.99]

losoe = X (am@ « rofec “7()

O
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Annuities with varying benefits

We can also consider annuities with non-level payment patterns.

For example, we can use our general EPV strategy to find the EPV
of an arithmetically increasing n-year term life annuity-due:

n—1
(Ié)x:ﬁl — Z vt (t + 1) t Px

t=0

The continuous version would be derived analogously:

(l__)x:ﬁl - / te "t tPx dt
0
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Fractional age assumptions

By using the fractional age relationships we developed for life
Insurances, we can find corresponding formulas for annuities. For
example, under UDD we have:

s v2P a(m) ax — B(m)
where

id i — j(m)
a(m) = i(m) g(m) and B(m) = -

A .
Letting m — oo yields: ax V2P ((IS—2> ax — (I 525>

And for an n-year term annuity, we have
.(m) UDD .
5™ V20 o (m) yem — B(m) (1 — nEx)
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Woolhouse's Formula

Another approach to approximating EPVs of mtly and continuous
life annuities is by using Woolhouse’s formula. For an m®ly
whole life annuity, the EPV approximation is given by

2
__(m)N___m—l_m—15
AR A e = o (04 )
. . _ . 1 1
Letting m — oo yields: 3y, ~2 3y — 5" 15 (0 + px)

And for an n-year term life annuity, we have (remember that
tx = — log(px) under CFM)

m—1 m? — 1
— (1= Vv"p ) ——
( Vnp) 12m2 (

and

(m)

dym ~ A 0 + pix — V" npx (0 + fixsn))

2m

y 1 1
ax:a N axia — 5 (]- — Vnnpx) — E (5 + Ux — Vnan (5 + ,Ux—|—n))
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Examples

@ Consider a 20-year term annuity due issued to (x) with a first
annual payment of $1,000, increasing by 2% per year,
i = 0.05. Find an expression for the EPV of this annuity.

@ Calculate ég))?l assuming SULT and i = 5%, using the 3-term

Woolhouse formula. [13.42755]
® You are given:

gso = 0.02  i=0.06 Ay =053

Calculate éi((jzg) under UDD. [&5882 \>.2087
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Exam

Consider a 20-year term annuity due issued to (x) with a first
annual payment of $1, 000, increasing by 2% per year, i = 0.05.
Find an expression for the EPV of this annuity.

=)
{ U\L p)( ((ODD\ \.02
\9 e

(.0L
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Calculate a(%)g‘ assuming SULT and i = 5%, using the 3-term

Woolhouse formula. [13.42755] CS' d \as (q.o.r)

A o-22) *x M = - ‘°a (Px\
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You are given:

gso = 0.02  i=0.05 Ay =0.53
Calculate é'(%) under UDD. [&-5902]
A L A é'. |- Ao
- - et ————
1o 5 o ¥o 3

Ab‘\ = %oV * CqV P(’TD Oeg 7 | ~ \’Pﬁd‘?’b
. \ — A\o‘:]
a =

P é

G = k(o - B2)
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